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EXERCISES

(2) Consider a one-dirnensional harmonic oscillator of mass m, angular fre-
quency Wo and charge q. Let I qJ" ) and E" = (n + 1/2)ñwo be the eigenstates and
eigenvalues of its Hamiltonian Ho.

For t < 0, the oscillator is in the ground state I qJo ). At t = 0, it is subjected
to an electric field "pulse" of duration 'L The corresponding perturbation can be
written :

W(t) = {~ qrffX for ° :( t :( T

for t < ° and t > T

rff is the field amplitud e and X is the position observable. Let .9>On be the probability
of finding the oscillator in the state I qJ" ) after the pulse.

a. Ca1culate .9>01 by using first-order tirne-dependent perturbation theory.
How does .9>01 vary with T, for fixed wo?

b. Show that, to obtain .9>02' the tirne-dependent perturbation theory calcu-
lation must be pursued at least to second order. Calculate .902 to this perturbation
order.

c. Give the exact expressions for .901 and .902 in which the translation operator
used in complement Fy appears explicitly. By making a limited power series
expansion in ¡f of these expressions, find the results of the preceding questions.

@ Consider two spin 1/2's, SI and S2' coupled by an interaction of the form
a(t)SI . S2; a(t) is a function of time which approaches zero when Itl approaches
infinity, and takes on non-negligible values (on the order of ao) only inside an interval,
whose width is of the order of T, about t = O.

a. At t = - 00, the system is in the state I +, - ) (an eigenstate of S lz and S2z
with the eigenvalues + ñ/2 and - ñ/2). Ca1culate, without approximations, the
state of the system at t = + oo. Show that the probability .9( + - - +) of
finding, at t = + 00, the system in the state I -, + ) depends only 011 the integral

f
+00

_ 00 a(t) dt.

b. Ca1culate .9( + - - +) by using first-order time-dependent pertur-
bation theory. Discuss the validity conditions for such an approximation by
comparing the results obtained with those of the preceding question.

c. Now assume that the two spins are also interacting with a static magnetic
field B¿ parallel to Oz. The corresponding ZeemanHamiltonian can be written :

H¿ = - BO(YISlz + Y2S2z)

where Y¡ and Y2 are the gyromagnetic ratios of the two spins, assumed to be different.
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Assume that a(t) = ao e-,2fT". Calculate &1'( + - - +) by first-order
time-dependent perturbation theory. With fixed ao and T, discuss the variation of
&1'( + - - +) with respect to Bo'

o Two-photon transitions between non-equidistant levels

Consider an atomic level of angular momentum J = 1, subject to static electric
and magnetic fields, both parallel to Oz. It can be shown that three non-equidistant
energy levels are tben obtained. The eigenstates I <fJM) of 1. (M = - 1, O, + 1),
ofenergies EMcorrespond to them. We set E¡ - E¿ = ñwo, E¿ - E_1 = ñwb(wo #- wb)·

The atom is also subjected to a radiofrequenoy field rotating at the angular
frequency w in the xOy plane. The corresponding perturbation W(t) can be
written:

W(t) = w1 (J + e-iwI + J _ eiwI)
2

where w1 is a constant proportional to the amplitude of the rotating field.

a. We set (notation identical to that of chapter XIII):

+1
II/I(t) ) = L bM(t) e-iEM'fñ I <fJM )

M~-1

Write the system of differential equations satisfied by the bM(t).

b. Assume that, at time t = O, the system is in the state I <fJ-1 ). Show that
if we want to calcula te b1 (t) by time-dependent perturbation theory, the calculation
must be pursued to second order. Calculate b¡(t) to this perturbation order.

C. For fixed t, how does the probability &I'-l,+l(t) = Ib¡(t)j2 of finding
the system in the state I <fJ1 ) at time t vary with respect to w? Show that a resonance
appears, not only for w = Wo and w = wb, but also for w = (wo + wb)/2. Give
a particle interpretation of this resonance.

4. Returning to exercise 5 of complement HX¡ and using its notation, assume
that the field B¿ is oscillating at angular frequency os, and can be written
Bo(t) = Bü cos coi. Assume that b = 2a and that w is not equal to any Bohr angular
frequency of the system (non-resonant excitation).

Introduce the susceptibility tensor X, of components Xij(W), defined by:

< Mi )(t) = L Re [Xij(w) BOJ eiwI]
j

with i, j = x, y,Z. Using a method analogous to the one in § 2 of complement AxlJI'
calcula te X ij (w). Setting w = O, find the results of exercise 5 of complement HXI'

1358



·. 360 Quantum Physics

If we sum the rerms we ger

Similarly

Again

m¡ = 1/2 --7 m¡ = 1/2
1/2 --7 -1/2

-1/2 --7 1/2
-1/2 --7 -1/2

Thus the rario of the inrensities is

L R = 8C
3

(22-103)

I (V173 Y10I Eorl Yoo)12 = O
I(-V2l3 Ylll a-r] YoO)12 = 2C/'3
I hh/3 Yl.-d Eorl YOO)12 = 2C/3
1<- ,,11/3 Y10I Eorl YOO)12 = O

4CL R=
3

(22-104)

(22-105)

The reason for summing over all rhe inicial srares is that when the atorn is excired,
all rhe p-Ievels are equally occupied, since their energy difference is so tiny
compared to the 2P - ls energy difference. We also sum over all the final states
if we perform an experiment rhat does not discriminare between thern, as is rh~
case for a specrroscopic measurernenc. In our calcular ion of the 2P --7 15 transi-
rion rate, we averaged over the initial m-stareso There we were concerned with the
problem of asking: "If we have N aroms in rhe 2P states, how many will decay
per second?" The averaging carne abour because of the facr that under most
circumsrances, when N atorns are excired, abour N/3 go into each one of the
m ~.= 1,O,-1 states, Here, the facr that rhere are more 'levels in the P3/2 state
rhan there are in the P1/2 state is relevant. There will be altogether six levels,
(four wirh j = 3/2 and two with j = 1/2) and there will be on rhe average N/6
atorns in each of the states. The facr thar there are more aroms in rhe j = 3/2
subser of Jevels just means that more decay, and that rherefore the inrensiry will
be larger.

Problems
@ A hydtogen atorn is placed in an electric fieId E(t) that is uniform and

has rhe rime dependence
E(t) = O

= Eo e --,1
t < O
i » O
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What is the probability that as t ---+ ro, the hydrogen atorn, if inirially in the
ground state, makes a transition to the 2P state?

@ Repear the above calculation with the time dependence of the electric
field given by

and with the condition rhat the hydrogen atom be in its ground state at t = - co ,

[Hint: As a first step, modify Eq. 22-9 appropriately.] Discuss your result when
the time-variation of the electric field is extremely slow.(3 Consider a harmonic oscillator described by

1
H = 2m px2 + tmw2(t) x2

where

w(t) Wo+ 8w cos ft

and 8w «wo.
Calculate the probability that a rransition occurs ftom the ground state, as a
function 'of time, given that the system is in rhe ground sta te at t = O. Use
perturbarion theory. Use the fact that for n ~ O,

(n I x21 O) = 1í/2V2mw for n = 2

= O otherwise.

Can you derive this formula using the material from Chapter 7?
4. Suppose a particle of rest mas s M decays into two particles of rest mass

m¡ and m2, respecrively. Use the relativistic relanon between energy and mo-
mentum to compute the density of stares p that appears in (22-57) .

. [Hint. There is only one independent momentum, say p, and what is needed is

5. Consider the above calculation when the decay is of the form

A---+B+C+D

with particles C and D massless.
[Hint. There are now two independent rnornenra.]

6. In this problem the adiabatic theorem is to be illusrrated. The theorem
stares that if the Hamiltonian is changed very slowly from Ho to H, then a systern
in a given eigenstate of Ho goes over into the corresponding eigensrate of H,


